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MATHEMATICS

4 UNIT (ADDITIONAL.)

Time Allowed: Three hours
(Plus 5 minutes reading time)

Directions to Candidates

Attempt all questions
ALL questions are of equal value

All necessary working should be shown. Marks may be deducted
for careless or badly arranged work.

Standard integrals are provided
Board-approved calculators may be used

Each question is to be returned on a separate sheet of paper
clearly labelled, showing your Name and Student Number.
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Question 1 Wi [
e dx
a Find
7 ) Iezx +1
2 b) Find j x> cos x dr
T e
c Evaluate =
5 ) Io 24 cosx
1 2 _
¢ d) Evaluate j 3;x 2x2+1
o(x” +1)(x" +2)
/ e) Find [ A3 &
¥ Vx2~2x+5
1S
/
Question 2
a)?2 (i) Express ~1++/3 in Modulus-Argument form.

2 (i) Hence evaluate (-1+J§)6

¢ P

d)

Find the complex 5" roots of -1.

Sketch the regions where the inequalities |z—-3+i<5 and |z+1<|z-1 both hold.

If Arg(z-2) = Arg (z+2) + % show that the locus of the point P representing z on an

Argand diagram is an arc of a circle and find the centre and radius of this circle.
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Question 3

AY
XC+y?=1

Y
x

The circle xX*+y’#1 is rotated about the line x=3 toforma ring (Torus).

Find the volume of the ring by
a) the slice technique,

b) the method of cylindrical shells.

Question 4

a) The polynomial z* - 7z% +25z— 39 has one zero equal to 2 + 3. Write down its three

linear factors.

b) If P(x)=x* —3x* ~6x* +28x — 24 has a triple zero, find all the zeros and factor P(x)over

the real numbers.

@r The equation x* — px® +gx* - pgx +1=0has roots a,B, y ,5. Show that
(@+B+y) (@+B+68) (a+y+8) (B+y+6) =1



1699 TRIAL HSC 4U MATHEMATICS 3

Question 5

a) Let fix)=-x +5x-4

On separate diagrams and without using calculus, sketch the following graphs. Indicate
clearly any asymptotes and intercepts with the axes.

| O y=s(x
L (i) y=|f(x)
7 i)y =f(x)
2 1
(iv) y e
7/(\,) y=el®

b) Solve the following inequality withthe aid of an appropriate sketch.

% =1 +|x+1>3
c) Sketch y = xcosx where — 27 <x <27
g
uestion 6
For the hyperbola =~ 2 = 1
a or the hyperbola — - ==
) P 4 12

Find] (1) the coordinates of the foci
| (i)  the equations of the directrices

[ (i)} the equations of the asymptotes
3 (iv)  the equation of the tangentat P (2 sec 8,2+/3 tan @)

2 (V) given that 0 < 8 < 7 /2 show that the point of intersection of the above
~12cos 6

tangent and the nearer directrix has y — coordinate ——————
9 Y 23 sing
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Ciuestion 6 continued

b} P(ct,—:f}) lies on the rectangular hyperbola xy =¢*. The normal at P
meets the rectangular hyperbola x*> ~ y* =% at Q and R.
3 M Find the equation of the normal at P
3 (ii) Show that P is the midpoint of QR
4
/I
/
Question 7
a) If x,y,z are positive real numbers, prove the following:
()} x® +y* =2 2xy
2 Gy Z+Zs2
X
@. (i) Xy >3y
b)

Two circles ARPB, AQSB intersect at A & B. PAQ and RAS are straight lines. PR and SQ
are produced to meet at M.

Prove that MPBQ is a cyclic quadrilateral.

Prove that cos® 6 ~sin®@ = cos 28 (1— %sin2 29] )
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Question 8

a) P

STy
5

Let ABO be an isosceles friangle. AO=BO =r, AB=Db

Let PABO be a triangular pyramid with height OP = h and OP perpendicular to the plane of
ABO as in the diagram.

Consider a slice S of the pyramid of width §a as in the diagram.
The slice S is prependicular to the plane of ABO at XY with XY]AB and XB = a.

Note XT|OP.

()  Show that the volume of S is (%

)b(@ﬁ a. When 8a is small.
F r

g (You may assume that the slice is approximately a rectangular prism of base XYZT
and height 6a)

(i) Hence show that the pyramid PABO has volurme éhbr.

n ‘E
b Forn=1,2,3,...,letSn=1+) —
) zr!
S B Prove by mathemagié/al inductionthat e~ Sn=¢ :x—le"”dx
/ #!

s

/
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Question 8 continued

(i) From (1) deduce that 0<e— Sn < 3 forn=1273
L o (n+1)!

— (N.B.e<3ande™ < 1Hf0r.x2 0)

s

gty eiae
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STANDARD INTEGRALS

fx”dr =-n--}-—x"“, n#—1; x0,ifn<Q
n+l

1

—dx =lnx, x>0

X o
J-e“dx =pg®  gx0
J’cosaxdx =—ginar, a=0

. . 1
jsmaxc&: ==-Zcoscxx, a=0
fscczaxdx =—tanax, a+{

f—f‘lu—z-dx -—-'-—I-Ian—l-g-, az0

a +x a

x
12, a>0, —a<x<g

1
——— Yy =s5in~
f\}az-—zz a
1 2
Y =1n(x+ xt—q x>a>0
2242 v )‘

f—-—z—-l;{dx =ln(x+-\/x27a7')
¥ X ,

NOTE: Inx =log, x, x>0
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